The phononic properties of a two-dimensional discrete phononic crystal, made of circular cross-section, infinitely long contacting elastic cylinders arranged on a simple square lattice, are described analytically. The significant interaction between shear and rotational waves is demonstrated in such granular phononic crystals. Controlling these interactions provides an opportunity for shear wave band design in metamaterials. The phononic band structure presents typical features of a square elementary cell of discrete phononic materials and also of continuous (composite) two-dimensional phononic materials with identical elementary cells. The theoretical analysis provides a clear physical explanation for the existence of a zero-group velocity point of the lowest-energy acoustic mode in particular directions of the phononic crystal and demonstrates the birefraction phenomenon.
I. INTRODUCTION
Two-dimensional models of granular media with spatially periodic distribution of particles were developed earlier [1] [2] [3] to extract, from the long-wavelength limit, the microstructural physical origin of the elastic constants appearing in the Cosserat and micropolar theories [4] [5] [6] of continuum elasticity. More elaborate three-dimensional discrete micromechanical models of disordered granular material have also been proposed 2, 7 to improve existing generalized theories of the continuum elasticity through homogenization methods. These generalized theories could be used to predict weak velocity dispersion of acoustic waves in microinhomogeneous materials in the long-wavelength limit. Such effective medium theories are either a combination of the Cosserat and higherorder deformation gradient theories 7 or a second-gradient micropolar constitutive theory. 8 Despite the seminal publication 25 years ago 9 researchers started only recently to apply the discrete lattice models to describe the phononic band structure of granular crystals. These discrete models do not only apply for the long-wavelength limit, and they provide elastic eigenmodes for all possible wavelengths, which can be used to predict, in particular, the frequency forbidden bands for wave propagation. [10] [11] [12] [13] [14] [15] [16] [17] The revival of interest in discrete lattice models has been largely stimulated by the recent progress in manufacturing new materials made of periodically arranged micro-and nanograins, such as colloidal crystals, [18] [19] [20] nanoparticle superlattices, [21] [22] [23] and nanoparticle membranes. 24, 25 Recently, the propagation of elastic stress waves in centered square highly nonlinear granular systems has been studied experimentally and numerically, 26 and the transformation of the band gap of a two-dimensional (2D) bidisperse granular crystal with deformation has been investigated numerically. 27 A two-dimensional discrete lattice model with particles possessing one translational and two rotational degrees of freedom has been applied recently to the analysis of a monolayer granular phononic membrane. 16 A three-dimensional discrete lattice model with rotating particles 17 has demonstrated that the Cosserat theory 4-6 fails to predict correctly the dispersion of the elastic waves in granular crystals even in the long-wavelength limit and should be combined with higher-gradient theories. 7, 8 Even more importantly, this discrete model has been successfully applied for the description of cutoff frequencies and dispersion relations of coupled rotational-translational elastic waves observed for the first time in granular crystals. Thus, the results presented in Ref. 17 demonstrate the usefulness of discrete lattice models for both the prediction of phononic properties of granular crystals and the evaluation (in the longwavelength limit) of the effective/homogenized properties of microinhomogeneous/composite materials.
Here we present a theoretical evaluation of the elastic eigenmodes of a two-dimensional granular crystal made of circular cross-section, infinitely long cylinders distributed periodically on a square lattice. Each particle possesses two translational and one rotational degrees of freedom, similar to earlier studied models. [1] [2] [3] Our analysis provides the description of elastic eigenmodes not only near the point but in the complete first Brillouin zone. In these granular crystals the elastic contacts between adjacent particles occur over a surface that is much smaller than the particle dimensions and are much softer than the particles themselves. This enables the propagation of elastic waves at frequencies much lower than the acoustic resonance frequencies of the individual particles. Propagation of translational waves at these low frequencies is strongly affected by their interactions with rotational waves. Two mixed transversal/rotational modes are actually propagating even in the high-symmetry directions of these phononic crystals (PC). The interactions between the longitudinal, transversal, and rotational motions of the particles can produce a variety of possible phononic band structures. These band structures could either present or not present forbidden frequency bands depending on the relative strength of the different interparticle forces, which are due to normal, shear, and bending rigidities of the contacts. Thus, the particles can be natural bricks for the design of granular metamaterials with phononic properties required for the control of shear wave propagation.
The developed theory revealed a remarkable coupling between shear and rotational waves in the lowest-frequency band along the M direction. Along this direction, two group velocity regions, separated by a zero-group velocity point, exist for a single acoustic mode. A nonmonotonous dependence of the frequency on the wave number for the lowest-energy mode propagating along the M direction was numerically predicted earlier by computation of the phononic properties of two-dimensional metamaterials. These metamaterials were made of cylinders distributed on a square lattice surrounded by a host matrix. [28] [29] [30] [31] [32] These cylinders were either composed of a material different from the one of the host matrix 28, 29, 33 or empty. 28, 30 However, the physical nature of the possible unusual refraction of this lowest-energy mode was not revealed because the theoretical analyses were focused on understanding the physics of the band-gap formation. The simple analytical theory developed in this paper provides insight not only into the physical origin of the nonmonotonous dispersion curves for the lowest-frequency mode in the discrete granular phononic crystal but also into two-dimensional periodic composites. The theory relates the nonmonotonous lowest-energy mode to the existence of zero-energy rotational vibrations and to hybridization of transversal and rotational modes. This is important from a general theoretical point of view and also in view of currently growing interest in negative refraction 32, [34] [35] [36] and birefraction 34 phenomena in phononic crystals and metamaterials. Until now these phenomena have only been studied theoretically 37 and demonstrated experimentally for the eigenmodes belonging to higher-order (optical) allowed frequency bands. 32, 34, 35 It is worth noting that the discrete lattice model of the granular crystals is obviously similar in its application to the evaluation of the periodic composite materials in the frame of the lumped-mass-spring model proposed for the study of band structures in twodimensional phononic crystals some years ago. 31 The crucial difference lies in the fact that the lumped-mass-spring model 31 did not account for the rotational degrees of freedom of microinhomogeneous/composite media and, as a consequence, failed to predict the effects related to the interactions between the translational and rotational elastic motions. This paper is organized as follows. The discrete model and the resulting dispersion curves are presented in Sec. II. The influence of the different interparticle forces on these dispersion curves is discussed in Sec. III. In particular, a possible realization of the Dirac cones is demonstrated. Finally, the propagation of the lowest transversal/rotational mode along the M direction, exhibiting a nonmonotonous dispersion relation with a zero-group velocity point, is studied in Sec. IV.
II. THEORY

A. Longitudinal and shear rigidities at the contacts
The two-dimensional granular crystal under consideration is made of circular cross-section, infinitely long cylinders distributed periodically on a square lattice, as depicted in Fig. 1(a) . The structure is characterized by a lattice constant a = 2R c , where R c is the radius of the cylinders. The corresponding first Brillouin zone of this phononic crystal is defined in Fig. 1(c particles are described with springs of constant rigidity, ξ n and ξ s , respectively. The elongation of the springs introduces forces and momenta that induce the motion of the particles: the displacements u along the x axis and w along the y axis and the rotation ϕ around the z axis. Different possible motions of two neighbor particles are illustrated in Fig. 1(b) . T , L, R, and T /R represent the transversal, longitudinal, rotational, and, combined transversal/rotational motions, respectively. Note that on R and T R/RT motions, it is still shear rigidity which works, i.e., as on the T one. As presented in Fig. 3 (Sec. II C), attention will be given to the combination of these three motions.
The equations of motion of the central particle, denoted by 0, obtained by applying the Lagrange principle, 2 are
where m is the mass of the particle and I is its momentum of inertia. The spring elongation in the normal and transversal directions between the central and the ith particles, i.e., the relative displacement between the zeroth and the ith particle at the contact point, are denoted, respectively, by δl i and δs i . These relative displacements are explicitly given by
The equations of motion are solved in the form of plane waves,
with the new variable = R c ϕ and v = u w being the amplitude vector.
134307-2 Equation (3) is then developed around the equilibrium position (x 0 ,y 0 ) of the central particle, V i = ve iωt−ik x x 0 −ik y y 0 e −ik x x i −ik y y i , where x i = x i − x 0 and y i = y i − y 0 are the relative coordinates between the central particle and the ith particle and ω is the angular frequency. Finally, substituting Eq. (3) into the set of Eqs. (1) and (2) leads to the eigenvalue problem, 
where p = ω c ), and in the limit case of p = 1, the dispersion curves of a 2D granular crystal made of cylindrical shells of infinitely small thickness can be theoretically studied.
B. Bending rigidity at the contacts
The bending rigidity at the contacts of radius r is described 16 by two additional springs with normal rigidity ξ B . They are located at the edge points of the contacts and are oriented along the vector connecting the centers of the contacting beads (Fig. 2) . In this simplified model of bending rigidity, rotations of the neighbor particles in opposite directions with the same angle will induce elongation of one of the springs and contraction of the other. The corresponding forces have nonzero momenta and cause the particles to return to their equilibrium state. As a consequence, momenta exist along the z axis even if the particles rotate with exactly opposite angles. These additional momenta acting on particle 0 can be described by The equation of motion for the rotation, Eq. (1c), is then modified to account for all additional momenta M applied on the particle 0, 
(Color online) Dispersion curves for η = 2.5, p = 1.2, and p B = 0. Solid curves correspond to coupled displacementrotation modes (with a predominance of rotation), dashed curves correspond to coupled displacement-rotation modes (with a predominance of displacement), and dotted curves correspond to pure displacement modes. The resonance vibrational frequencies of the individual cylinders are assumed to be at much higher frequencies and are not represented here.
red-orange lines correspond to coupled displacement-rotation modes with a predominance of rotation (RT , RLT ), the dashed blue lines correspond to coupled displacement-rotation modes with a predominance of displacement (T R, LT R), and the dotted green lines correspond to pure displacement modes (L, T L). Along the principal directions X and M, transversal waves strongly interact with rotational waves, and two mixed transversal/rotational T R and RT modes propagate even along the symmetry axis of this phononic crystal. A pure acoustic-type longitudinal mode L propagates at frequencies LA = √ η sin q x and LA = √ η + 1 sin q x along the X and M directions, respectively. This pure longitudinal mode is not coupled to the mixed transversal/rotational modes T R and RT . Along the XM direction, the lowest-and highest-frequency modes are composed of all three possible motions, i.e., L, T , and R. These bands are intercepted by a pure displacement mode T L. The interaction between the longitudinal, transversal, and rotational motions of the particles can produce a variety of phononic band structures, which are controlled by the parameters η, p, and p B . The influence of parameters η and p on the band structure will be discussed in Sec. III A; attention will be given in Sec. III B to the case of a cylindrical shell of infinitely small thickness (p = 1) where the band structure exhibits a Dirac singularity. The influence of the bending parameter p B will be presented in Sec. III C.
A remarkable feature of the lowest transversal/rotational mode along the M direction is the existence of two group velocity regions separated by a zero-group velocity point, resulting in birefraction phenomenon. The position of this zero-group velocity point strongly depends on parameters p, η, and p B . The description and the physical nature of these nonmonotonous modes and of the zero-group velocity point, as well as their dependence on the bending rigidity parameter p B , will be presented in Sec. IV.
III. INFLUENCE OF THE PARAMETERS ON THE DISPERSION CURVES
A. Without bending rigidity
When the bending rigidity is neglected, the dispersion curves in this granular crystal are controlled only by the ratio η = ξ n /ξ s between the normal rigidity ξ n and the shear rigidity ξ s of the individual contacts and by the ratio p = mR 2 c /I between the momentum of inertia of the empty cylindrical shell mR 2 c and the one of the cylinders I , which can be radially inhomogeneous (I mR 2 c ). These curves can be strongly modified by varying one of these parameters. Figure 4 presents dispersion curves with different values of parameters η and p. The analytical values corresponding to characteristic points of the Brillouin zone are also plotted to emphasize the dependence of the eigenvalues on η and p. In the principal directions X and M, forbidden band gaps stand between the low-frequency transversal/rotational T R and high-frequency rotational/transversal RT propagation modes. These forbidden gaps are crossed only by a pure longitudinal mode L, which interacts neither with transversal nor with rotational modes. These forbidden gaps are encountered for different interactions between the transversal and rotational motions of the particles, . Solid curves correspond to coupled displacement-rotation modes (with a predominance of rotation), dashed curves correspond to coupled displacement-rotation modes (with a predominance of displacement), and dotted curves correspond to pure displacement modes. The resonance vibrational frequencies of the individual cylinders are assumed to be at much higher frequencies and are not represented here.
i.e., for different values of η and p. However, no absolute band gap is noticed, i.e., a gap in all directions, because all three motions (shearing, rotation, and compression/dilatation) can be coupled within the individual plane eigenmodes aside the principal directions.
B. Dirac point
When the particles are cylindrical empty shells, i.e., p = 1, with η = 1 and p B = 0, the dispersion relations exhibit a singularity at the X point: the dispersion relations of the lowest and highest modes become linear in the neighborhood of the X point (Fig. 5) . Similar to the case of electrons in monolayer graphene, 38 this feature in the dispersion relations, where two modes touch as a pair of cones, is referred to as Dirac cones, and the touching point is called a Dirac point. Dirac singularities have been reported in photonic 39, 40 and phononic crystals. 41, 42 Due to linear dispersion near the Dirac point, some unusual transmission properties can be found in the PCs. 39, 43 To illustrate such Dirac cones visually, the three-dimensional (3D) dispersion curves around the X point are presented in Fig. 5(b) . Another characteristic here is that the Dirac cone modes exhibit super-anisotropic 41, 44 behavior. The Dirac cone modes have equifrequency contours 35 (EFCs) that are almost circular; i.e., the system appears to be isotropic, but the eigenmodes are superanisotropic as only transverse modes are allowed to propagate along certain directions, while only longitudinal modes are allowed along other directions. As presented in Fig. 5(c) , only transversal/rotational (T R/RT ) waves are allowed along the X direction, while only longitudinal/rotational (LR/RL) waves are allowed along the XM direction. This analytical model demonstrates that this 2D phononic granular crystal can exhibit superanisotropy near the X point when p = 1 and η = 1.
It is worth recalling here that in the theory under development the resonance frequencies of the cylinders are assumed to be much higher than the frequencies of the propagating modes (see the caption of Fig. 4) . Thus the hybridization phenomenon between the propagating modes under evaluation and the resonances of the individual beads is suppressed. The most difficult challenge could be to satisfy this assumption in the case of crystals constructed from thin shells because their resonance frequencies could be much smaller than those of homogeneous cylinders.
To avoid possible hybridization between the propagating modes and the resonance of the cylindrical shells, the following condition must be respected:
where max is the maximum value of the normalized frequency. By substituting the first resonance frequency of an individual shell 45 f shell = ω shell 2π
The material characteristics (E,ρ,ν) being fixed, the parameters that can be modified to respect the condition are the radius R c , the thickness h of the cylindrical shells, and the shear rigidity ξ s at the contact between the shells. According to Eq. (6), the shear rigidity must satisfy ξ
. Experimental works have investigated the viscoelastic properties of a thin polymer film sheared between a bead and an ultrasonic resonator. 46 By depositing a layer of spherical beads on top of a quartz-crystal resonator 47 coated with a polymer, the properties and the influence of the film were determined. In particular, it was shown that the deposition of the film lowers the resonance of the quartz resonator, which attests of a decrease in the shear rigidity between the beads and the quartz resonator due to the additional film between them. Similarly, the boundary lubrication in weakly adhering molecularly thin films deposited between a sphere and a plane has been investigated experimentally. 48 It has been demonstrated that the shear rigidity can be reduced by increasing the thickness of the film and by changing its nature. It is also possible to increase the shear rigidity limit ξ
by increasing the ratio between the thickness and the radius h/R c of the cylinders. Theoretically, the rigidity induced by some additional coupling material can be estimated by considering a contact in the form of a beam rigidly attached to the shells (Fig. 6) . The shear stress τ is related to the shear strain γ by the following equation:
is the shear modulus of the material constituting the beam, w beam is the beam displacement, and h beam is the thickness of the beam. The pure shear stress and the shear stress in the case of bending are given by τ pure = rigidities of the coupling contact can be deduced,
Therefore, the characteristics of the beam (material E, ν, thickness h beam , and surface S) can be adequately chosen to respect the required condition (6).
C. With bending rigidity
Figures 7(a) and 7(b) depict the dispersion curves with η = 2 and p = 2.5 obtained for p B = 0.07 and p B = 0.35, respectively. For convenience, results obtained for these parameters without bending rigidity (p B = 0) are plotted with thin lines. The frequencies of all the modes in the M, , and X points can be found analytically. They are unchanged with and without the bending rigidity for the modes with a predominance of displacement (dotted and dashed curves), i.e., = √ 1 + η in M, = 0 in , and = 1 and = √ η in X, and for the mode with a predominance of rotation in where = √ 2p (the values are indicated on the right side of the dispersion curves in Fig. 7 ). For the modes with a predominance of rotation (solid lines), the frequencies are modified by the bending rigidity at the characteristic M and X points. At the X point the bending parameter appears in the term √ p, which becomes √ p(1 + 4p B ), and at the M point the rotational mode does not vanish any longer; i.e., the zero value at the M point becomes 2 √ 2p B p. The values are indicated on the left side of the dispersion curves in Fig. 7 . The modes with a predominance of rotation are shifted to higher frequencies at the M and X points when the bending rigidity parameter p B increases. An absolute band gap opens when 2 √ 2p B p > √ 1 + η and √ 2p > √ 1 + η, as shown in Fig. 7(b) . To summarize, the upper limit of the complete band gap is shifted to high frequencies with increasing p and p B , and the lower limit is shifted to low frequencies with decreasing η.
This theoretical analysis demonstrates that the interactions between the longitudinal, transversal, and rotational motions of the particles can produce a variety of possible phononic band structures, which can contain a Dirac point when p = 1 and η = 1 or a complete band gap when the bending rigidity is introduced. The position and the width of this complete band gap depend on the relative strength of the different interparticle forces, which are due to normal, shear, and, more importantly, bending rigidities.
IV. DESCRIPTION OF THE NONMONOTONOUS MODES ALONG THE M DIRECTION
A. Birefraction phenomenon
The developed theory reveals a remarkable coupling between transversal and rotational motions at the lowest frequencies along the M direction. Indeed, along this direction two group velocity regions, separated by a zero-group velocity point, exist for a single mode (Figs. 3 and 4) . Birefraction in the same band can be observed in this structure as in annular photonic crystals. 37 In order to understand the propagation behavior of the waves within the crystal, the band structure and corresponding EFCs 35 are examined for p = 1, η = 1.2, and p B = 0 in the lowest mode identified in Fig. 8(a) . Using a 3D representation of the dispersion curves [ Fig. 8(b) ], the EFCs are obtained from the intersection of the 3D dispersion curves with a horizontal plane, i.e., at fixed frequency. are the wave-vector components parallel to the interface for the incident and refracted beams, respectively, and G // is the parallel component of any reciprocal lattice vector. The group velocity (and hence the direction of energy propagation) of sound waves inside the crystal is given by the gradient of the angular frequency with respect to the wave vector, i.e., v g = ∇ (k). This group velocity is always perpendicular to the EFCs and points toward the increasing frequencies. In our case, dual EFCs can be found for a single frequency, one around the point and the other around the M point; then the k // -conservation line intersects the EFCs at two points, where the direction of the group velocity points inside the crystal. So, for a single frequency, two positive waves are transporting energy from the crystal surface toward the depth of the crystal (see the schematic representation in Fig. 10 ). To our knowledge, birefraction for a single mode has not been observed in phononic crystals at low frequencies. The existence conditions for these nonmonotonous modes as a function of parameters p, η, and p B are discussed in this section. A physical explanation is also proposed for the origin of these nonmonotonous modes.
B. Hybridization of the modes
To investigate the behavior of the nonmonotonous modes along the M direction, the interaction between pure rotational and pure transversal modes is studied along this direction. We impose, respectively, I → ∞ and m → ∞ in the analytical dispersion relations corresponding to the transversal/rotational modes. These assumptions formally avoid either the rotation or the translation of the cylinders. Therefore, when p = pure rotational R modes along the M direction are obtained: Figure 11 (a) depicts the dispersion curves and the frequencies at the and M points of the pure transversal and pure rotational modes in the absence of bending rigidity. The modes intersect inevitably because the frequency of the rotational mode is R = 0 at the M point and the one of the transversal mode is T = 0 at the point. In other words, the intersection is due to R < T at the M point and R > T at the point. Thus, repulsion occurs between the two modes around this intersection point, resulting in a hybridization of these two modes in the real crystal, as can be seen in Fig. 11(b) .
As presented in Fig. 12(a) for two values of the bending rigidity parameter (p B1 = 0.05 and p B2 = 0.3), the frequency of the pure rotational mode is shifted to higher frequencies at the M point with increasing bending rigidity parameter. Fig. 12(a) ] the pure rotational and pure transversal modes do not intersect any longer, and the nonmonotonous modes disappear [ Fig. 12(b) ]. The existence of these nonmonotonous modes and thus of the zero-group velocity point depends on the relative strength of the different interparticle forces, which are due to normal, shear, and bending rigidities at the contacts.
C. Influence of the parameters η, p, and p B on the zero-group velocity point
In order to analyze the influence of the parameters on the position of the zero-group velocity point (ZGVP), the analytical expression of the lowest mode 1 along the M direction is obtained by solving the eigenvalue problem, Eq. (4), and it reads
with q = q x = q y .
In the absence of bending rigidity, the wave number q zgvp of the ZGVP is defined by solving 
For η p 1, Eq. (9) reduces to
For p (η,1), it reduces to
These results were expected from the analysis of the hybridization leading to the ZGVP point. Equation (10) With an increasing bending rigidity parameter, the ZGVP moves toward the M point, i.e., ∂ sin 2 (q) ∂p B q=q zgvp > 0, and a part of the mode dominated by rotation is shifted to higher frequencies. Thus, when the maximum of the frequency of the lowest mode is at the M point, the ZGVP disappears. It is then possible to find a condition of disappearance of the ZGVP by solving the equation determining the extremum value of the lowest mode 1 , Eq. (7), at the M point,
The resolution of Eq. (14) This analytical demonstration shows that the position of the ZGVP changes with the ratio between p, η, and p B . The nonmonotonous modes are encountered for a large interval of the parameters, characterizing the relative magnitude of bending, shear, and normal rigidities of the interparticle contacts, which provides a large variety of innovative granular metamaterial designs. The existence of this ZGVP is related to zero-energy rotational vibrations at the M point, when the bending rigidity is negligible, and can be explained physically.
D. Physical explanation
To better understand how the short-wavelength motions near the M point can occur at very low frequencies, it is insightful to analyze the spatial structure of the predicted lowest-energy T R/RT mode propagating along the M direction when → 0. When < ZGV P , three propagating waves can be excited at each frequency. The first wave is a pure longitudinal wave of acoustical type, which does not interact with the T R/RT mode. At ZGV P this mode is nondispersive, = LA = √ 1 + η sin q √ 1 + ηq. Due to the nonmonotonous dispersion relation of the T R/RT mode, two other waves can be excited at the same frequency. The first of them, with a dominance of transversal motion compared to the rotational one, is also of the acoustic type. When → 0, this wave becomes a purely transversal nondispersive wave
relation of the second of the T R/RT waves is
) cos 2 q, which formally describes highly dispersive waves with q π/2 and with opposite directions of phase and group velocities, as is obvious in Fig. 3 . The elastic field created by this counterpropagating RT wave can be presented in the form
where an integer number n accounts for the consecutive neighboring layers/rows of beads along the M direction (see Fig. 14) . The normalized wave number q = (k 11 a 11 )/2 involves the wave number k 11 = √ 2k x and the distance between the layers a 11 = a/ √ 2 along the M direction. While the form of the field in Eq. (15) indicates a highly dispersive acoustic-type wave with a normalized phase velocity defined by v RT ph = /2q, it can be rewritten in the low-frequency limit (for q ±π/2 ∓ q and q → 0) in the form
where the velocity
is defined by v RT ( q) = /2 q and is frequency independent. The solution in Eq. (16) demonstrates that the RT elastic field can be viewed at low frequencies as a superposition of nondispersive optical-type waves, i.e., waves for which the neighboring beads are moving in opposite directions. The optical character of the RT mode is described by the factors (−1) n in Eq. (16). The revealed optical-type waves are long wavelength in the sense that the spatial modulation of the beads motion, which is additional to the one described by the (−1) n factors, takes place at distances much longer than the lattice period.
In the limit → 0 the RT mode is purely rotational. The structure of the mode in this case, when the displacements of the beads are negligible compared with their rotations, is illustrated in Fig. 14 .
It can be seen that a plane RT wave, with the phase front normal to the M direction, can propagate. This motion is possible because of the absence of contact between the beads situated along the wave front, i.e., between the beads belonging to the same row in Fig. 14 . Because of this, these beads all can rotate in the same direction and with the same magnitude, even in presence of shear rigidity of the contact. Thus, a plane phase front homogeneous in amplitude is possible. In the absence of the bending rigidity the beads/cylinders in the nearest-neighbor rows along the M direction can freely rotate in opposite directions, as shown in Fig. 14 . This motion requires no energy. No spatial modulation is added to the one described by (−1) n in the vibrational motion illustrated in Fig. 14 .
The existence of both T R and RT waves at low frequencies leads to the prediction of a peculiar phenomenon of the elastic field polarization rotation, which is usually forbidden for the fields propagating along the directions of high symmetry. In fact, if we assume that a layer of beads normal to the M direction is oscillating with rotational amplitude A and that the amplitude of the transversal (in-plane) displacement is U T , then the RT and T R waves will be emitted by the layer in both positive and negative directions. The polarization of the field at each point of the lattice can be characterized by the phase delay between the rotations and the transversal vibrations of the beads. The polarization of the emitted elastic field will vary with the distance from the emitter because the transversal vibrations are predominantly propagated by the T R wave while the rotations are predominantly propagated by the RT wave at ZGV P and because these two waves propagate, in general, with different velocities.
V. CONCLUSIONS
Our experience with theoretical evaluation and experimental realization of granular phononic crystals [15] [16] [17] gives us an opportunity to highlight the important advantages of granular discrete metamaterials. Compared with composite metamaterials, 31,44,50,51 they allow analytical solutions for the dispersion relations and the possibility to efficiently control the relative importance of stresses and momentum stresses [4] [5] [6] by varying the dimensions of the interparticle contacts. Granular phononic crystals can exhibit enhanced interactions between transversal and rotational waves that provide opportunities for shear wave band design in phononic metamaterials. The specific features of the phononic band structure of the considered granular crystals indicate that rotation of wave polarization could occur even when the transversal/rotational mode propagates along the principal direction, i.e., along a high-symmetry axis. Dirac cones, composed of the dispersion bands with the rotational component, are possible in the discrete granular phononic crystals built of cylindrical shells.
This study shows that complete band gap and birefraction in the same single band at low frequencies can be encountered in this granular phononic crystal. If birefraction is realized, this could provide interesting applications in antiseismic devices, for example. Our theoretical model indicates that nonmonotonous dispersion could exist for the lowest eigenmode belonging to the first lowest-frequency band in not only two-dimensional but also three-dimensional granular crystals (with a simple cubic lattice) as well as in periodic elastic composites. In fact, due to the absence of contacts between beads situated along the wave front in the 2D granular crystal, the rotations of these beads are possible without resistance; these beads all can rotate in the same direction and with the same magnitude. Then, the situation in the [111] direction for a 3D granular crystal is similar to the situation in the [11] direction for a 2D granular crystal. We have verified this statement analytically. Nonmonotonous dispersion relations of the lowest elastic mode also exist in 3D granular crystals.
Thus, the theory of two-dimensional phononic granular crystals could be useful for the description of innovative granular materials [18] [19] [20] [21] [22] [23] [24] [25] and also for understanding wave phenomena in periodic structured composites. [52] [53] [54] However, the interaction between the translational and rotational degrees of freedom could be not the only reason for the existence of nonmonotonous low-frequency modes in periodic composite. If we imagine that the granular phononic crystal, depicted in Fig. 14 , is transformed into a composite material by filling the space between the cylinders with another material (for example, by a polymer), then the interaction between the non-nearest-neighbor rows of cylinders (i.e., between n and n + 1 rows along the M direction) is activated by this filling. From the theory of the crystal lattice 55 it is known that the non-nearest-neighbor interaction can also result in nonmonotonous dispersion curves even for the lowest-energy band. Also, the coupling between scattering resonances and propagating waves in the surrounding medium can lead to the formation of band gaps, often referred to as hybridization gaps. The theory of this hybridization phenomenon has been developed in Refs. 56 and 57. Such gaps originate, in general, from level repulsion when two bands of the same symmetry cross each other. In addition, indications that the lowest mode in the colloidal crystals exhibits a zero-group velocity point have been found in the experiments [58] [59] [60] and confirmed by theoretical modeling. 57, 61, 62 However, in the granular crystals considered in our studies, 13, [15] [16] [17] the resonances of the individual cylinders are assumed to be at a much higher frequency than the propagation modes, and the interaction/repulsion of the transversal and rotational motions, leading to hybridized rotational/translational modes, is the only reason for the possible existence of the nonmonotonous low-frequency dispersion band and of the zero-group velocity point.
